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by 

Laurent Berger 



Abstract. — Colmez has given a recipe to associate a smooth modular representation 
Q(W) of the Borel subgroup of GL 2 (Q P ) to a F p -representation W of Gal(Q p /Q p ) by using 
Fontaine's theory of (<p, r)-modules. We compute f2(W) explicitly and we prove that if 
W is irreducible and dim(W) = 2, then £l(W) is the restriction to the Borel subgroup of 
GL2(Qp) of the supersingular representation associated to W by Breuil's correspondence. 

Resume. — Colmez a donne une recette permettant d'associer une representation modu- 
laire fi(W) du sous-groupe de Borel de GL 2 (Q P ) a une F p -representation W de Gal(Q p /Q p ) 
en utilisant la theorie des (ip, r)-modules de Fontaine. Nous determinons explicitc- 
ment et nous montrons que si W est irreductible et dim(VF) = 2, alors fl(W) est la restriction 
au sous-groupe de Borel de GL 2 (Q P ) de la representation supersinguliere associee a W par 
la correspondance de Breuil. 
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LAURENT BERGER 



Introduction 

This article is a contribution to the p-adic Langlands correspondence, and more specif- 
ically the "mod p" correspondence first introduced by Breuil in [Bre03aJ which is a 
bijection between the supersingular representations of GL 2 (Q P ) and the irreducible 2- 
dimensional F p -linear representations of Qq p = Gal(Q p /Q p ). In [Col07j and |Col08j . 
Colmez has given a construction of representations of GL 2 (Q P ) associated to certain p- 
adic Galois representations and by specializing and extending his functor to the case of 
Fp-representations, we get a recipe for constructing a smooth representation fl(W) of the 
Borel subgroup B = B 2 (Q P ) of GL 2 (Q P ) starting from the data of an F p -representation 
W of Qq p - In |Ber05j . I proved that Colmez' construction was compatible with Breuil's 
mod p correspondence and as a consequence that Colmez' lim D"(-) functor in charac- 
teristic p does give Breuil's correspondence (up to semisimplification if W is reducible). 
The proof of [Ber05j is direct when W is reducible (in which case Q(W) is a parabolic 
induction) but quite indirect when W is absolutely irreducible (in which case f2(W) is 
supersingular) and one purpose of this article is to give a direct proof in the latter case. 
A byproduct of the computations of [Ber05j is the fact that the restriction to the Borel 
subgroup of a supersingular representation is still irreducible. This intriguing fact has 
since been reproved and generalized by Paskunas in [Pas07j (see also [Eme0 8]; another 
generalization has been worked out by Vigneras in |Vig08|). 

In this article, we start by defining some smooth representations of B and we prove 
that they are irreducible. After that, we define the representations Q(W) using Colmez' 
functor applied to W and finally, we prove that if dim(W) ^ 2 and W is irreducible, 
then the thus constructed coincide with the representations studied in the first 

chapter and that if dim(VF) = 2, then they are the restriction to B of the supersingular 
representations studied by Barthel and Livne in [BL94L IBL95] as well as Breuil in 
|Bre03a| . 

Let us now give a more precise description of our results. Let E be a finite extension 
of F p which is the field of coefficients of all our representations, and let 

K= ( Z p Z l \ = B n GL 2 (Z r 



v 



£ X I — u ii yjxu 2 yzj p ) 



and let Z ~ Q* be the center of B. If o\ and a 2 are two smooth characters of Q* 
then a = ai ® o~ 2 : ( g b d ) —>■ c"i(a)cr 2 (<i) is a smooth character of KZ and we consider the 
compactly induced representation ind^ z a. Note that the Iwasawa decomposition implies 
that B/KZ = GL 2 (Q P )/ GL 2 (Z P )Z so that ind^ z a can be seen as a space of "twisted 
functions" on the tree of GL 2 (Q P ). 
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Theorem A. — If U is a smooth irreducible representation of B admitting a central 
character, then there exists a = o\ <g> o~ 2 such that IT is a quotient of ind^ z o. 

This result (theorem ll.2.31) is a direct consequence of the fact that a pro-p-group acting 
on a smooth ^-representation necessarily admits some nontrivial fixed points. Assume 
now that cri(p) = cr 2 (p) and let A = o~x{p) = cr 2 (p) and let 1 CT be the element of ind| z a 
supported on KZ and given there by l a (kz) = a(kz). If n ^ 2 and if 1 ^ h ^ p 11 ^ 1 — 1, 
let S n (h, a) be the subspace of ind^z o generated by the B-translates of 

p n — i 

and let Tl n (h, a) = ind^ z a / S n (h, a). We say that h is primitive if there is no d < n 
dividing n such that h is a multiple of (p n — l)/{p d — 1) (this condition is equivalent 
to requiring that if we write h = e n _i . . . eieo in base p, then the map z i — »• from 
Z/nZ to {0, . . . ,p — 1} has no period strictly smaller than n). The main result of §1.31 
is that the H n (h, a) are irreducible if h is primitive. In chapter [21 we turn to Galois 
representations, Fontaine's (<p, r)-modules and Colmez' Q(-) functor. In particular, we 
give a careful construction of and in theorem 12.2.41 we prove that there exists a 

character a such that fl(W) is a smooth irreducible quotient of ind^cr by a subspace 
which contains S n (h, a) where n = dim(W) and h depends on W. Let u n be Serre's 
fundamental character of level n. For a primitive 1 ^ h ^ p n — 2, let ind(^) be 
the unique representation of Qq p whose determinant is u h (where u) — U\ is the mod p 
cyclotomic character) and whose restriction to the inertia subgroup Iq p of Qq p is given by 
Un®ujP h Q) - ■ -©^ n lfl - Every n-dimensional absolutely irreducible E'-linear representation 
W of Qq p is isomorphic to ind(u;^) (8> X f° r some primitive 1 ^ h ^ p n ~ l — 1 and some 
character X an d our main result is then the following (theorem 13.1.11) . 

Theorem B. — If n ^ 2 and if 1 ^ h ^ p n ~ x — 1 is primitive, then 

ft(md(a;i) ® X ) - ^n(h, x^' 1 ® x)- 

After that, we give the connection with Breuil's correspondence. Our main result con- 
necting Colmez' functor with Breuil's correspondence is the following (it is a combination 
of theorem 13.1.11 for n = 2 and theorem I3.2.6j) . 

Theorem C. — If 1 ^ h ^ p — 1, then we have 

ind^g^Sym^E 2 
fi(indK) ® X) ^ u h ~\ ®X)^ 2( p) T ® (X ° det), 

where the last representation is viewed as a representation ofB. 
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It would have been possible to treat the Galois representations of dimension 1 in the 
same way, and therefore to get a proof that Colmez' functor gives Breuil's correspondence 
for reducible representations of dimension 2 using the methods of this article so that one 
recovers the corresponding result of [Ber05j without using the stereographic projection of 
[BL95, BL94]. I have chosen not to include this as it does not add anything conceptually, 
but it is an instructive exercise for the reader. 

Finally, if h — 1 and n ^ 2, we can give a more explicit version of theorem B. We 
define two B-equivariant operators T + and T_ on indj^ z a by 

r+(i*) = E(S (K and T " (1ct)= (o 

so that the Hecke operator is T = T + + T_ and theorem B can be restated as follows. 
Theorem D. — We have 

fi(indK) ® X ) * ® (X o det). 

There may be a correspondence between irreducible ^-linear representations of dimen- 
sion n of Qq p and certain objects coming from GL n (Q p ). I hope that theorem C gives a 
good place to start looking for this correspondence, along with the ideas of [S V08] . 



1. Smooth modular representations of B2(Q P ) 

In this chapter, we construct a number of representations of B and show that they are 
irreducible by reasoning directly on the tree of PGL 2 (Q P ). 

1.1. Linear algebra over F p 

The binomial coefficients are defined by the formula (1 + X) n = ^ iGZ and we 

think of them as living in F p . The following result is due to Lucas. 

Lemma 1.1.1. - - If a and b are integers and and b = b s . . .bo are their 

expansions in base p, then 

(0-ft)-(;> 

Proof. — If we write (1 + X) a = (1 + X) a °(l + X p ) ai ■ ■ ■ (1 + X pS ) a % then the coefficient 
of X b on the left is the coefficient of X bo X pbl ■ ■ ■ X pSbs on the right. □ 

Lemma 1.1.2. — lfk,£~^0 and if 
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then a k/ = if k + £ «C p n - 2 and a k/ = (-l) k if k + £ = p n - 1 . 
Proof. — The number a k ,t is the coefficient of X h Y e in the expansion of 

p7l ^ 

g (1 + xy {1 + vy = <l±^tl±g^ = ( x + y + 

Each term of this polynomial is of the form X a Y b (XY) c with a + b + c = p n — 1 so that 
there is no term of total degree ^ p n — 2 and the terms of total degree p n — 1 are those 
for which c = and therefore they are the (— \^ k X k Y pn ~ l ~ k . □ 

Let V n be the vector space of sequences (x , . . . , x p n_ 1 ) with x« G E. The bilinear map 
(-, •} : V n x y n — ► £ given by (x, j/) = X^o* is a P erfect pairing on K- 
Let v k) n G \4 be defined by 

'o\ fi\ (p n - r 



1 7.7" V/.7 V k 

and let Vjj, )Tl be the subspace of V n generated by w 0)n , . . . , ffc-i,™- 

Lemma 1.1.3. - - For ^ k ^ p n , the space V k , n is of dimension k and V k \ = V p -n_ k ^ n . 

Proof. — Since the first j components of Vj >n are and the (j + l)-th is 1, the vectors Vj >n 
are linearly independent and V k)U is of dimension k. Lemma \\ . 1 . 21 says that (vj >n , v^ n ) = 
if j + £ ^ p n — 2 and this gives us V kn = V p n_ k ^ n by a dimension count. □ 

In particular, V\^ n is the space of constant sequences and V p n_^ n is the space of zero 
sum sequences. Note that by lemma fT.l. 11 we have {^ + k p ) = ({) if ^ k ^ p n — 1 so that 
we can safely think of the indices of the x G V n as belonging to Z/p n Z. Let A : V n — > V n 
be the map defined by (Arc)-,- = 

Lemma 1.1. 4. - - If ^ k + £ ^ p n , then A k gives rise to an exact sequence 

— > Vfc ;n — > Vg + k, n ► V^ n — > 0, 

and A fc (x) G Vf >ra i/ and on/?/ if x E Vi +k ^ n . 

Proof. — There is nothing to prove if k = and we now assume that k — 1. It is clear 
that ker(A) = Vi jn the space of constant sequences, and the formula 

''W'-'W'"- 1 ,' 

K mJ \ m J \m — 1, 
implies that A(Vg+i,n) C Vg )n so that by counting dimensions we see that there is indeed 
an exact sequence — > Vi jn — > Vi + i >n — > V^ )7l — > 0. If A(x) G V^ n then this implies that 
there exists y G Vi+\^ n such that A(x) = A(y) so that x G V^ + i in + ker(A) = Vg + i >n . This 
proves the lemma for = 1 and for ^ 2, it follows from a straightforward induction. □ 
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Note that A is nilpotent of rank p n and therefore the only subspaces of V n stable under 
A are the ker(A fc ) = Vk >n . Since the cyclic shift (xj) i— > (xj^i) is equal to Id+A, this also 
implies that the only subspaces of V n stable under the cyclic shift are the Vk, n - 

If a G Tip then let \i a : V n — > V n be the map defined by n a { x )j = x a j- 

Lemma 1.1.5. - - We have n a {vk,n) — a> k Vk,n £ Vk )U so that if x G Vk+\, n then fi a (x) G 

Proof. - - We prove both claims by induction, assuming that it is true for t ^ k — 1 (it 
is immediate if I = or even I = 1). Vandermonde's identity gives us 

aj\ _ (aj - a\ (a\ faj - a\ fa\ ( aj -a\fa 

k)-\ k ;W U-i;w v o )\k 

which shows that Ao/x a (t> fc n )— a k Vk-i t n £ Vk-i,n by the induction hypothesis and therefore 
that fi a {vk,n) — o Vk,n £ Vk,n by lemma [T. 1.41 which finishes the induction. □ 

Lemma 1.1.6. - - If ' x G Vk n and ifO^i^p — 1, then the sequence y G Ki-i given by 
yj = x pj+i belongs to VL(fc-i)/pj+i,„-i. 

Proof. — If £ ^ k — 1 and if we write £ = pb£/pJ + so that ^ £q ^ p — 1, then by 
lemma [1.1. 11 we have 

f V3 + A f J \ f i 



L'/pJ 



which implies the lemma. □ 

1.2. The twisted tree 

We now turn to B/KZ and the smooth representations of B. If f3 G Q p and 5 G Z, let 

A /3 

" [ p s 

Let A = {a n p~ n +- ■ ■+a\p~ 1 where ^ aj ^ 1} so that A is a system of representatives 
of Qp/Zp. 

Lemma 1.2.1. — We have B = U/?ga <5gz ' KZ. 

Proof. — If (q b d ) G B, then with obvious notations we have 

a b\ _ ( aop a b \ _ ( 1 bp~ a d$ l — c\ ( a Q cdo\ ( p a 



which tells us that B = U/3 € A,sez9i3,s • KZ since we can always choose c G Z p such that 
bp~ a dQ 1 — c G A. The fact that the union is disjoint is immediate. □ 

The vertices of the tree of GL 2 (Q P ) can then be labelled by the 5 G Z and the /3 G A. 
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ht 5 + 1 / 




ht 5 / 








(3 . * 

Part of the tree 



If o\ and a 2 are two smooth characters <7j : Q* —> E x , then let a = a\®a 2 : KZ — > £' x 
be the character cr : ( g i— > ai(a)a2(d) and let ind| z a be the set of functions / : B — > _E 
satisfying = a(k)f(g) if A; G KZ and such that / has compact support modulo Z. 

If <7 G B, denote by [#] the function [#] : B — > £ defined by [#](/i) = cr(/igr) if /i G KZg -1 
and [<?](/i) = otherwise. Every element of ind| z a is a finite linear combination of some 
functions \g\. We make ind^ z a into a representation of B in the usual way: if g G B, 
then (gf)(h) = f{hg). In particular, we have g[/i] = [p/i] in addition to the formula 
[0jfe] = a(k)[g] for fc G KZ. 

Lemma 1.2.2. — If x is a smooth character o/Qp £/ien £/ie map [g] i— > (xodetXg) -1 ^] 
extends to a B-equivariant isomorphism from (ind^ z cr) <E> (x ° det) to ind^O^iX (g) cr 2 x)- 

Proof — Let us write [•]„. and [-J^ for the two functions [•] in the two induced represen- 
tations. We then have h[g] a — (x° det)(h)[hg] a and 

( X o det)(^)- 1 /i[ 5 ] CTX = (x o det)(/i)( X o det) {hgY^hg}^ 

so that the above map is indeed B-equivariant. □ 

Each / G ind^ z a can be written in a unique way as / = 5 o;(/3, 5) [^5]. The formula 

A + A\ / 1 /A / 1 A\ 

^0 y ^0 ^7 ^0 1 y 

and the fact that a is trivial on (J ^ ) imply that we can extend the definition of ct(/3, 5) 
to all (3 G Q p . We then have the formula a((3, 5) (( J * ) /) = a(/3 - Xp s , 5)(f) if A G Q p . 

The support of / is the set of gpj such that ot{f3, 5) 7^ 0. Let us say that the height of 
an element gpj is 5. We say that / G ind^ z a has support in levels ni, . . . , rik if all the 
elements of its support are of height n« for some i. If / G ind^ z a, then we can either 
raise or lower the support of / using the formula (J p ±i) gpj = 9p,8±i- 
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If n ^ let us say that an n-block is the set of og_, p -n $ for j = 0, . . . } p n — 1 and that 
the initial n-block is the one for which (3 = 0. We use the same name for the vector of 
coefficients a{(3 — jp~ n , 5) for j = 0, . . . ,p n — 1 so that an n-block is then an element of 
V n from gTU 



ht 8 + 2 

ht 5 + 1 

ht 5 

1-block 



ht S + 2 

ht 5+ 1 

ht 5 

2-block 



In the following paragraph, we study some irreducible quotients of ind^ a of arithmetic 
interest but before we do that, it is worthwhile to point out that all smooth irreducible 
representations of B admitting a central character are a quotient of some ind^ z a. 

Theorem 1.2.3. - - If U is a smooth irreducible representation ofB admitting a central 
character, then there exists a = (j\ <g> o"2 such that II is a quotient o/ind^ z a. 

Proof. — The group Ii defined by 

(1+pZp Z p \ 

1 V i+pZp/ 

is a pro-p-group and hence II 11 ^ 0. Furthermore, Ii is a normal subgroup of K so that 
II 11 is a representation of K/l! = x F£ . Since this group is a finite group of order 
prime to p, we have II 11 = © r ,II K= ' ? where rj runs over the characters of F^ x F^ and 
since Z acts through a character by hypothesis, there exists a character a = o\ ® 02 of 
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KZ and v G II such that k ■ v = a(k)v for k G KZ. By Frobenius reciprocity, we get a 
nontrivial map ind^ z a — > II and this map is surjective since II is irreducible. □ 

Note that a is not uniquely determined by II: there are nontrivial intertwinings between 
some quotients of ind^ z a for different a. 

We finish this paragraph with a useful general lemma. Let T k = (I ) and let II be 
any representation of B. 

Lemma 1.2.4- — If v ^ E H^o i / and if k ^ then one of the p elements 

P k -i 



j=0 



r J k (v), 0^£^p k -l 



is nonzero and fixed by r k . 



Proof. — If all p k elements above were zero then lemma 11.1.31 would imply that for any 
sequence x = (xj) E Vjt we would have Y7j=o x j T i( v ) = an< ^ with x = (1, 0, . . . , 0), we 
get v = 0. Let £ be the smallest integer such that vt ^ 0. If £ = then r k (v ) — v = 
since t£ = r G (q Z {) and otherwise r k {v() —Vg— — i^-i =0. □ 



1.3. Some irreducible representations of B 2 (Q P ) 

If n ^ 1 and ^ £ ^ p n — 1, let w^ n G ind^z o" be the element 

P n -i 



i=o 

so that the initial n-block of wg n is vg , 



1 



Definition 1.3.1. — If n ^ 2 and if 1 ^ h ^ p n_1 — 1 and if a = a± <S> o"2 is a character 
of KZ such that (J\{p) = cr 2 (p), let A = cri(p) = o" 2 (p) and let 5 n (/i, a) be the subspace of 
ind^z a generated by the translates under the action of B of (— A^ 1 )™ [(op")] + w h(p-i),n- 



ht 2 




A- 2 




ht 1 / 




ht / 








1 1 1 

A- 2 [(o£)]+^-i, 2 
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The representations we are interested in are the quotients II n (/t, a) = ind^z a/S n (h, a) 
and the main result of this chapter is that they are irreducible if h is primitive. Before 
we can prove this, we need a number of technical results. 

If / G ind^ z a and if ^ i ^ n — 1, let 



S=i mod n 



so that / = f + fi H h /„- 



Lemma 1.3.2. 

0<i<n-l. 



If f G indj^ z a then f G S n (h,cr) if and only if fi G S n (h,a) for all 



Proof. - - We need only to check that if / G S n (h, a) then /, G S n (h, a) and this follows 
from the fact that S n (h,a) is generated by elements which have their supports in levels 
equal modulo n. □ 



Let i n -\ . . . "Mo be the expansion of h{jp — 1) in base p. Note that h ^ p n 1 — 1 implies 

that ^ p - 2. Let h k = i n „ k + pi n - k +i H h p k ~ x % n -\ so that /i fc = + «n-fc 

and h = and /i n = /i(p — 1). Recall that the vectors Ufe j7l were defined in §1.11 and let 
B+ = IW^O^KZ. 

Lemma 1.3.3. - - If the support of g G S n (h,a) is in levels #J ; i/ien 

(1) g is a linear combination of B + -translates of (— A _1 ) n [(op™)] + w h(p-i),n 

(2) if 1 ^ k n, then the k-blocks of level of g are in Vh k +x,k- 



Proof. — Note first that if 



d. 



G KZ, then 



a c 
d 



P n -i 

E 

3=0 
p n -l 

E 

j=0 



a c 
d 



-JP~ 
1 



1 — n ad 
1 



-i 



a 1 (a)a 2 (d) ^ 



j=o 



jda 



a c 
d 

-jP~ 
1 



and note also that the initial n-block of ( J ^ " ) u^ jn — u>^ n is in V^ n . 

Let us now prove (1). Set B° = {(g ^) G B such that val p (a) = vaL(d)}. It is enough 
to prove that any B°-linear combination of ip = (— A -1 )™ [( J p °n )] + itf/ l ( p _i) )Jl which is zero 
in level is actually identically zero. If E^ ig/ Aj ( ^ ^ ) • cp is such a combination where we 
assume for example (using the action of the center) that dj = 1, then the terms indexed 
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by i\ and %2 contribute to the same n-block in level if and only if b ix — b i2 G p ™Z P and 
we can therefore assume that 



so that we're looking at the initial n-block. The formulas above and lemma [1.1.51 applied 
to da^ 1 G Zp show that if g — ( o d) £ S, then the initial n-block of g ■ (p — ai(a)a2(d)(p 
belongs to Vh(p-i) >n so that in a linear combination of S'-translates of if, the coefficient of 



is the former and our linear combination is identically zero. 

Let us now prove (2). The conclusion of (2) is stable under linear combinations of re- 
translates so by (1) we only need to check that if b G B + then the /c-blocks of bwh n , n are in 
Vh k +\,k- If b = Id then the n-block of Wh„, n is fft n ,n which belongs to Vh n +\, n by definition. 
If we know that the fc-blocks are in Vh k +\ t k then the fact that \hk/p\ = hk~i and lemma 
11.1.61 imply that the (k — l)-blocks are in Vh k _ 1 +i t k-i so we are done by induction. Next, 
the above formula for (od) w i,n and lemma [1.1.51 applied to daT x G Z* show that the 
n-blocks of the ( % c d ) Wh n , n are contained in Vh n +i, n and we are reduced to the claim above. 
Finally, gpj • f is / moved up by 5 and shifted by (3 and the conclusion of (2) is unchanged 
under those two operations since the V& jn are stable under the cyclic shift. □ 

Recall that r k = ( J -V** ) and that a((3, S)(r k (f)) = a{(3+p 5 - k , 6){f) so that the effect 
of T)t — Id on a /c-block y in level is to replace it with A(y). 

Lemma 1.3. 4- - - If the support of f G S n (h,o~) is contained in a single k-block with 
^ k ^ n, then this k-block is in Vh k>k and all such elements do occur : wg tk £ S n (h,a) 
forO^£^hk-l. 

Proof. — If k = n then the n-block of T n (wh n , n ) —Wh n , n is Vh„-i, n and the set of possible n- 
blocks is stable under the cyclic shift so we get all of Vh nt n but not Vh n +i, n since H n (h, a) ^ 
0. If some vi t k occurs as the A;-block of some /, wlog in level 0, then for all ^ m ^ p — 1 
the (k + l)-block of □ 

G)(m) = (pe+m) b y lemma dXH In particular if v hh>k occurred then so would v hk+1>k+1 
and we get a contradiction. Conversely, assuming inductively that the second assertion of 
the lemma holds for k + 1, this tells us that all [( W,fc, • • • , ( p ~ occur as a (k + 1)- 
block for pi + m ^ h k +i — 1 and by taking m = p — 1 and £ ^ h k — 1 we obtain v^ k and 
we are done by a descending induction on k. □ 




[(op")] 



is a nonzero multiple of the coefficient of Wh( p -i), n ', if the latter is zero, then so 



Let us write as above a (n + l)-block as [bo, . . . , where each bi is a n-block. 
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Lemma 1.3.5. - - If the support of g G S n (h,a) is in levels 0, 1, . . . , n — 1 then the 
(n + 1) -blocks of level of g are of the form 

[^0Vh n ,n + %0, ■ ■ ■ , Vp-lVh n ,n + Xp-i], 

where x { G V hn , n and (/x , ■ • • ,/V-O G V hl+ljl . 

Proof. — By lemma ll.3.2[ we may assume that the support of g is in level and lemma 
11.3.31 tells us that the n-blocks of g are in Vh n +i tn so that each of them can be written 
as f-iiVh n>n + Xi where Xi G Vh nt n- By subtracting from g appropriate combinations of 
translates of the w^ n with ^ £ ^ h n — 1 we get a g' such that Xi = for all i and 
by subtracting appropriate combinations of translates of (— A _1 ) n [(op™)] + w hn,n from 
g' we get an element g" of S n (h,o~) with support in level n and whose 1-blocks are the 
— (— A _1 ) n (/i , • • • , /U p _i). Lemma 11.3.31 applied to ( q i/p™ ) g" gives us (/z , • • • , A^p-i) G 
Vfc 1+ i,i. □ 

Corollary 1.3.6. - - If the support of f G ind^ z a is in levels 0, 1, ... ; n — 1 and i/ 

r n+i(/) — / £ Sn(/i, c) ; ^en £/ie n-blocks of level of f are in Vh n +i >n - 

Proof. — Lemma [1.3.51 applied to T n+ \(f) — f tells us that the (n + l)-blocks of r n+ i(f) — 
f in level are of the form [/i ^ ni n + x , ■ ■ ■ , fi p -iv hn ^ n + x p -t] with ^ G 14„ in and 
(/i , • • • , /ip-i) G Vft 1+ i,i. If we write / = a(/3, S)[gp tS \, then the coefficient of \gp )0 ] in 
r n+i(/) — / is + p - ™" 1 , 0) — a(/3, 0) so that the n-blocks of r„ +1 (/) — / are given by 
(for readability, we omit both /3 and 5 = from the notation) 

a f a ^ _ a / i ^ a (2 + ±)_ a (i + J_) ... Q f a + E^lA _ a ( i + P^lA 
^ pre +iy y p i+iy ^p n+1 P >»y p«y j>» y ^p' i +! p™ j 

*(^)-«(^) a(^ + ^)-a(^ + i) ... a(^ + ^)-a(^ + ^). 

Let ?/o, ... , be the n-blocks of the (n + l)-block of / we are considering. By 
summing the rows of the above array, we get (recall that a{(3) = a(l + (3)) 

a(p + ±)-a{P) a (/? + £) - a (/? + £) ... a(/9) - a (/3 + 

which is A(i/o) so that 

p— i p— i 

A (?/o) = J^i^n + Xi) = ^Xi G 14 njn 

1=0 4 = 

since Yli=o Z 1 * = because (/zo, • • • , G with /ii + 1 = + 1 ^ p — 1 and if 

A(y ) G Vft nin then y Q G Vh n +i )n by lemma IT. 1.41 The same result holds for yj by applying 
the previous reasoning to r^ +1 (/). □ 
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Corollary 1.3.7. — If the support of f G ind KZ a is in levels 0, 1, . . . , n — 1 and the 

support in level is included in a single n-block and T n (f) — f G S n (h, a), then the n-block 
of f in level is in Vh n +i, n - 

Proof. — Lemma fl .3.51 applied to g — r n (f) — f tells us that the n-block of r n (f) — f is 
of the form fMoVh n ,n + x with x G Vh n , n and (u , 0, . . . , 0) G so that fi = since 

hi + 1 ^ p — 1. If y denotes the n-block of / then the n-block of r n (f) — f is A(w) so 
that A(y) G 14 ni „ and therefore y G Vh n+ i jn by lemma IT. 1.41 □ 

If n ^ 1 and if 1 ^ h ^ p n — 2, we say that h is primitive if there is no d < n dividing n 
such that h is a multiple of (p n — 1)/ (p d — 1) . This condition is equivalent to requiring that 
if we write h = e n _i . . . eieo in base p, then the map i 1— > from Z/nZ to {0, . . . ,p — 1} 
has no period strictly smaller than n. 

Theorem 1.3.8. - - If n ^ 2 and if 1 ^ h ^ p n ~ x — 1 is primitive, then U n (h,a) is 
irreducible. 

Proof. — It is enough to show that if / G ind^ z a is such that / 7^ in H n (h, a) then 
some linear combination of translates of / is equal to [Id] mod S n (h, a). 

Suppose that the support of / is in levels ^ a. Since (— A _1 ) n [(o P ° n )] + w h„,n is an 
element whose support is one element of height n and a n-block of height 0, by subtracting 
suitable linear combinations of translates of this from / we may assume that the support 
of / is in levels a, a + 1, a + n — 1; multiplying / by some power of (hp) we ma y 
then assume that the support of / is in levels 0, 1, . . . , n — 1. In particular, we have 

R ( 1Z p) 

f G (ind KZ cr) vo 1 J . Let s , Si, . . . , ^> be such that the support of / is included in 
the initial So-block in level 0, the initial Si-block in level 1, . . . , the initial s„_i-block in 
level n — 1. 

Lemma 11.2.41 applied with k = n + 1 shows that we may replace / by one of the 
Sj=o _1 {i) T n+i(f) so ^at T n+ i(f) — f G S n (h, cr). The support of this new / is included 
in the initial max(sj, n + 1 — j)-block in level j for ^ j n — 1. Corollary 11.3.61 then 
shows that there exists g G S n (h, cr) which is a linear combination of ( J ^ p ) -translates of 
(— A -1 )™ [(0 p™)] + w h n ,n and of the w^ n for ^ t ^ h n — 1 such that the n-blocks of / in 
level are the same as the n-blocks of g in level 0. We can then replace / by ( i/p ) (f~d) 
and the support of this new / is included in the initial max(s J+ i,n — j)-block in level j 
for ^ j ^ n — 2 and in the initial max(so — n, l)-block in level n — 1 if j = n — 1. By 
iterating the procedure of this paragraph, we can reduce the width of the support of / 
until Sj = n — j for ^ j ^ n — 1. 

The modified / coming from the previous paragraph satisfies r n (f) — f G S n (h, a) and 
its support is included in the initial (n — j)-block in level j for ^ j ' ^ n — 1. Corollary 
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11.3.71 then shows that there exists g G S n {h,a) which is a linear combination of (J ( \ p )- 
translates of (— A _1 ) n [(op™)] + w h„,n and of the u^ n for ^ £ ^ h n — 1 such that the 
n-block of g in level is the same as the n-block of / in level 0. We can then replace / by 
(o i/p) (/ ~~ d) an d the support of this new / is included in the initial (n — j — l)-block 
in level j for ^ j ' ^ n — 1. 

The modified / coming from the previous paragraph satisfies r n _i(/) — / G S n (h,cr) 
and its support is included in the initial (n — j — l)-block in level j for $C j ^ n — 1 
and the fc-block x fc of / in level n — k — 1 is in V^+i^ by applying lemmas 11.3.21 11.3.41 
and 11.1.41 By lemma [I.3.4[ we can subtract elements of Vh k ^ from x k without changing 
the class of / in U n (h,a) so we can assume that each x k is a (possibly 0) multiple of 
v hh>k . If ^ m ^ p - 1, let U m be the operator defined by U m (f) = YhZq (m) T nif) as 
in the proof of lemma 11.3.41 At level n — 1 — k it has the effect of turning Vh k ,k into 
v hk+1+m - in _ k _ lik+1 since h k+1 = ph k + i n -k-i and = ( p 7+m)- If we cnoose m sucn 

that m — i n -k-i ^ and m — i n -k-i = for at least one value of k, then U m (f) is 
made up of (k + l)-blocks in level n — k — 1 and we can get rid of all those for which 
m — i n -k-i ^ — 1- This allows us to lower the number of nonzero blocks of / unless 
m = i n _fe_i for all the corresponding nonzero blocks. In this case we lower / by one level 
and if there is a block in level we send it to level n before lowering / by subtracting an 
appropriate multiple of (— A _1 ) n [(o p °«)] + Wh n ,n- By iterating this procedure (replacing 
/ by U m (f) and lowering a possibly modified /), we can reduce the number of nonzero 
blocks of / until our procedure starts cycling. 

If this is the case then there exists some d dividing n such that at some point / has 
nonzero blocks exactly in levels n — 1 — id for ^ £ ^ (n/d) — 1 and the map r 1— > % r is 
then also periodic of period d. If d = n, then we are done. If d < n, then I claim that 
hd is not divisible by p — 1. Indeed, we have h(p — 1) = hd(p n — l)/(p d — 1) since r 1— > i r 
is periodic of period d, and if p — 1 divides hd then h is not primitive. If a G Z p is such 
that a is a generator of F*, then fJ, a (ve,k) — a ve,k G Vi t k by lemma [T.1.51 This implies 
that cr 2 (a _1 ) (q a ) f — / has at least one fewer block (the top one) and is nonzero (the 
block of level n — 1 — d is not in S n (h, a)), so that we can iterate again our procedure of 
the previous paragraph (replacing / by U m (f) and lowering a possibly modified /) until 
d = n so that / becomes equivalent to an element supported on only one point. □ 



Remark 1.3.9. - - We have H n (h, a) (g) (% o det) ~ Tl n (h, <j\% ® cr 2 x) by lemma [1~2. 21 
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2. Galois representations and (</?, r)-modules 

In this chapter, we construct the (<p, r)-modules associated to the absolutely irreducible 
i?-linear representations of Qq p and then apply Colmez' functor to them in order to get 
a smooth irreducible representation of B. 

2.1. Construction of r)-modules 

Let C p be the completion of Q p and let E + = lim Oc p be the ring defined by 
Fontaine (see for example §1.2 of |Fon94j ) . Recall that if x, y G E + , then 

(sy)W = x (»y*0 and (x + y) {i) = lim (x {i+j) + y^f 

and that E + is endowed with the valuation vaiE defined by valE(y) = val p (?/ )). If 
we choose once and for all a compatible system {C P «}n^o of p n -th roots of 1 then e = 
(1, C P , Cp 2 , • • •) e E+ and we set X = £ - 1 and E = E+[l/X] so that by §4.3 of tWin83j . 
E is an algebraically closed field of characteristic p, which contains F p ((X)) sep as a dense 
subfield. Given the construction of E from C p , we see that it is endowed with a continuous 
action of Gq p - We have for instance g(X) = (1 + X) Xc v c1 ^ — 1 if g e so that H Qp = 
ker Xcyci acts trivially on F p ((X)) and we get a map Hq p — > Gal(F p ((X)) sep /F p ((X))) which 
is an isomorphism (this follows from the theory of the "field of norms" of [FW79J , see for 
example theorem 3.1.6 of [Fon90j). We also get an action of T = Gq p /7~(.ci p on F P ([X)). 

If W is an F p -linear representation of Qq p then the F p ((X))-vector space D(14 7 ) = 
(F p ((X)) scp ® Fp W) nQ p inherits the frobenius <p of F p ((X)) sep and the residual action of T. 

Definition 2.1.1. — A (Lp,T)-module over F P ((X)) is a finite dimensional F P ((X))- 
vector space endowed with a semilinear frobenius (p such that Mat(y?) G GL^(F P ((X))) 
and a continuous and semilinear action of T commuting with (p. 

We see that D(W) is then a (<p, r)-module over F P ((X)). If E is a finite extension of 
Fp, we endow it with the trivial (p and the trivial action of T so that we may talk about 
(ip, r)-modules over E([X]) = E ®f p F p ((X)) and we then have the following result which 
is proved in §1.2 of [Fon90j and whose proof we recall for the convenience of the reader. 

Theorem 2.1.2. - - The functor W i— * D(W) gives an equivalence of categories between 
the category of E -representations of Qq p and the category of (ip,T) -modules over E((X)) . 

Sketch of proof. — Given the isomorphism H Qp ~ Gal(F p ((X)) scp /F p ((X))), Hilbert's 
theorem 90 tells us that ^ 1 discTete {n Qp , GL d (F p ((X)) scp )) = {1} if d > 1 so that if W 
is an F p -linear representation of 7~Cq p then 

F p ((X)) sep ® Fp W ~ (F p ((X)) scp ) dim ^ 
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as representations of H Qp so that the F p ((X))-vector space D(W) = (F p ((X)) scp Fp W) n ^p 
is of dimension dka(W) and W = (F p ((X)) scp ® Fp ((x]) V(W)y =1 . 

If D is a {ip, r)-module over F P ((X)), then let W(D) = (F p ((X)) scp ® Fp ((x)) D) v=1 . If we 
choose a basis of D and if Mat(yj) = (pij)i^ij^dim(D) in that basis, then the algebra 

A = F P ((X))[X 1} . . . ,X dim(D) ]/(Xj - ^PijXi) 

i 

is an etale F p ((X))-algebra of rank p dim ^ and W(D) = Hom Fp((x)) _ algebra (A, F p ((X)) sop ) 
so that iy(D) is an F p - vector space of dimension dim(D). 

It is then easy to check that the functors W i— ► D(W) and D i— > W(D) are inverse 
of each other. Finally, if E ^ F p then one can consider an E'-representation as an F p - 
representation with an i?-linear structure and likewise for (<p, r)-modules, so that the 
equivalence carries over. □ 

We now compute the (ip, r)-modules associated to certain Galois representations. If n 
is an integer ^ 1, choose 7r n G Q p such that 7r^™ _1 = —p. The fundamental character of 
level n defined in §1.7 of [Ser72j . u n : 1q p — > F p is given by u) n (g) = g(7c n )/^n G F p for 
g G Iq p - This definition does not depend on the choice of n n and shows that uo n extends 
to a character </q p „ — > F p „. With this definition, u n is actually the reduction mod p of 
the Lubin-Tate character associated to the uniformizer p of the field Q p n. 

In order to describe the (ip, r)-modules associated to irreducible mod p representations, 
we need to give a "characteristic p" construction of u n . Let to = uj\ be the mod p 
cyclotomic character and let Y G F p ((X)) scp be an element such that Y^ 1 " 1 ''^ 3 " 1 ' = X. 
If g £ Gq p , then f g (X) = u>(g)X/g(X) depends only on the image of g in T. Since 
f g (X) G 1 + XF p [X], the formula f s g {X) makes sense if s G Z p . 

Lemma 2.1.3. -- If g G £ Qp „ ^en #(Y) = Yu%{g)fg^{X). 

Proof. — Recall that X G E + = \mvOc p is equal to e — 1 where e = (Cp^)j^o an d where 
{(pj}j^o is a compatible sequence. If j ^ 1, pick 7i n j G Cc p such that 

p"-i 

<T = v - i- 

If e £ Qp „, then g>(C^ - 1) = [uj(g)](( P 3 ~ l)/ 9 _1 (Cpj - 1) wher e we also write / g (X) for 
[u{g)]X/{{l + X)^yci(s) - 1) G 1 + XZ p [X] and so there exists u nd (g) G F*„ such that 

^ = k^)]/; m (c p ,-i), 
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where [•] is the Teichmiiller lift from F*„ to Q*n. The map g \— > u n j(g) is a character of 
Qq pU which does not depend on the choice of n n j. In addition, we have 

'(C P m - ly = (C P , -!)•(! + 0(p 1/p )) ^ 3 > 1, 

so that Wn,j+i = u n,j if J ^ 1 and to n ^ = u n . This also tells us that we may choose the ir n j 
so that Knj+i/iTnj G 1 + P 1 ^ p Cc p - If we write F = (y®) G limOcp, then we have j/W = 
lini,-_> +co ftni+j s i nce the 7r n j are compatible in the sense that ^nj+i/^nj G 1 + p^ p Oc p 
so that if g G <?q p „ , then 

■' /(// " ,) k^)] • Km (/;^(c P ^-i)r, 



and therefore we have g(Y) = Yu p l (g)f g p ™ 1 (X) in E. □ 

If 1 ^ h ^ p n — 2 is primitive, the characters u^, oo ph , . . . , u;^" 1?t of Iq p are pairwise 
distinct. Let fix be the unramified character sending the arithmetic frobenius to A -1 (so 
that later when we normalize class field theory to send the geometric frobenius to p then 
H X {p) = A). 

Lemma 2.1.4- - - Every absolutely irreducible n- dimensional E '-linear representation of 
Qq p is isomorphic (after possibly enlarging E) to (ukLj q p aj%) ® ii\ for some primitive 
1 ^ h ^ p n — 2 and some A G E x . 

Proof. — If W is such a representation then by §1.6 of [S er72j . we may extend E so 
that W"|x p splits as a direct sum of n tame characters and since W is irreducible, these 
characters are transitively permuted by frobenius so that they are of level n and there 
exists a primitive h such that W = ©"= ^ where 1q p acts on Wi by u£ h . Since u n 
extends to {?q p „ each Wi is stable under Qq p „ which then acts on it by u} p * h Xi where Xi is 
an unramified character of Qq p „ . The lemma then follows from Frobenius reciprocity. □ 

If A G Fp is such that A" e F p x , let W\ = {a G F p such that a p " = \~ n a} so that W\ is 
a Fpn-vector space of dimension 1 and hence a F p -vector space of dimension n. By com- 
posing the map Gal(Qp r (7r n ) / Q p ) ^ F* n x Z with the map F*„ x Z — > EndF p (Wa) given by 
(x, 0) i — ► (where Wj is the multiplication by x map) and by (1, 1) i— > (a \— > a p ) we get 
an n-dimensional F p -linear representation of Qq p which is isomorphic to (indg q p (8> /xa 
after extending scalars and whose determinant is uj h fi 1 ^ 1 fJ^ so that if A" = (— l)" -1 then 
the determinant is u h and we call ind(u;^) the representation thus constructed; it is then 



uniquely determined by the two conditions det ind(a;^) = u h and ind(a;^)|x 1 

c c 
since (indg^ uj%) <8> ^ = (ind g ^ ufy ® fi\ 2 if and only if we have A™ = A£. 
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Corollary 2.1.5. - - Every absolutely irreducible n- dimensional E-linear representation 
of&Qp i s isomorphic to ind(a;^) ® fi\ for some primitive 1 ^ h ^ p n — 2 and some A G F* 
such that \ n G E x . 

Theorem 2.1.6. - - The (ip,T)-module D(ind(u;^)) is defined over F p ((X)) and admits 
a basis e , . . . , e n ~\ in which ^(ej) = / 7 (X) h ^( p-1 "( pn-1 'ej if 7 G T and </?( e j) = e j+i f or 
< j < n - 2 and <^(e n _i) = (-l)"- 1 X-^ 1 )e . 

Proof. — Let be the F p -representation of (?q p associated to the (<p, r)-module de- 
scribed in the theorem. If / = X h e A ... A e n _i, then (fi(f) = f and 7(7) = u{^) h f 
so that the determinant of W is indeed to and therefore we only need to show that the 
restriction of F p « © Fp W to Xq p is u 1 ^ © u;^ © ■ ■ • © co> p ™ h . To clarify things, let us write 
Fp„ for F p n when it occurs as a coefficient field, so that if is trivial on F pn . 

If we write F P „ © Fp F p ((X)) scp as F p(W) scp vi & the map x © y i-> where 
a is the absolute frobenius on FL, then given (xo, . . . , x n -\) G n)c=o F p((X)) sep , we have 

ip{{x , . . . , z n _i)) = (y?(x„_i), <^(x ), • • • , ^(x n _ 2 )) 
g((x , Xn-i)) = (g(x ), . . . , g(x n ^)), 

if g e g Qpn (but not if g G £ Qp ). Choose some a G F p ((X)) scp such that c^- 1 = 
and define 

Wo = (aY h , 0, . . . , 0) • e + (0, cfY*, . . . , 0) • e x + ■ ■ • (0, . . . , 0, • e n _ x 

Vl = (0, aY\ . . . , 0) • e + (0, 0, . . . , 0) • e x + ■ ■ ■ (c/" , 0, . . . , 0) • e n _! 

= (0, . . . , 0, aY h ) ■ e + (c^, 0, . . . , 0) • e x + ■ ■ ■ (0, . . . , 0, oc^Y^, 0) • e n . x . 

The vectors t> , . . . , t>„-i give a basis of F P „© Fp (F p ((X)) scp © Fp p:))D(iy)) and the formulas 
for the action of (p imply that <f(vj) = Vj so that v 3 - G F p „ © Fp W. The formulas for the 
action of F and lemma 12.1.31 imply that g(vj) = lo 1 ^ 3 Vj if g G Xq p which finishes the 
proof. □ 

2.2. From Galois to Borel 

If ct{X) G E([X)) then we can write 

p-i 

a(x) = j2a+xy®Ax p ) 

j=o 

in a unique way, and we define a map ip : _E((X)) — > E([X]) by the formula ip(a)(X) = 
a (X). A direct computation shows that if «C r «C p- 1 then ^(X pm+r ) = (-l) r X m . If 
D is a (<£>, r)-module over -E((X)) and if y G D then likewise we can write y = ^f=o(^ + 
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Xy<p(yj) and we set if>(y) = yo- The operator if) thus defined commutes with the action 
of T and satisfies if)(a(X)<p(y)) = if)(a)(X)y and if>(a(X p )y) = a(X)ip(y). 

If W = ind(u;^) <8> x with \ = where from now on A G E x , then theorem 12.1.61 

above implies that the (<p, r)-module D(W) is defined on i£((Jf)) and admits a basis 
e , . . . ,e n _i in which 7 ( ej ) = u^/^X)^" 1 )/^-!)^. if 7 G T and ^(e 3 -) = Ae j+1 for 
< j ^ n-2 and <^(e„_i) = (-l^AX"^" 1 ^. Since ^Cp"" 1 )/^ 1 ) = Wj we can a l ways 
modify h (and x accordingly) in order to have 1 ^ h ^ (p n — l)/(p — 1) — 1 so that 
/i(p — 1) ^ p n — 2. Recall that z n _x . . . iii is the expansion of h(p — 1) in base p and that 
/lit = i n -k + Pin-k+i H h p fc-1 i n -i so that /i = and h n = h(p-l). 

Lemma 2.2.1. - - If fj = X h ^Cj and a(X) G E([X)), then we have 



Proof. — If j ^ 1, then we can write a(X)fj = A 1 a(X)X hj (p(ej-i) and since = 
phj^i + i n -j, we have 



^(a(X)fj) = \- 1 X h ^if){a{X)X i ^)e j ^ 1 = \- 1 if){a{X)X i ^)f j ^. 
If j = 0, then a(X)f = a(X)e = a(X)(-l)"- 1 A- 1 X ?i ( p - 1 )^(e n „i) so that 

if)(a(X)f ) = \- 1 (-l) n - 1 X h ^il)(a(X)X^)e n ^ = \- 1 (-l) n - 1 il)(a(X)X^f n _ l 



Corollary 2.2.2. - - The E{X\-module D*(W) = ®]^E{X] ■ fj is stable under if) and 
the map if) : D"(W) — > D^(W) is surjective. 

Proof. — Lemma [2.2.11 implies that D^fW) is stable under if). Furthermore, the formula 
ip(XP m+r ) = (-l) r X m for < r < p - 1 implies that the map a^X) h-> ip(a j (X)X i ^) 
is surjective for j ^ 1, as well as the map cto(X) 1— > if)(ao(X)X to ), which implies that 
if) : D\W) -> D S (W) is surjective. □ 

A quick computation shows that if y G D"(W) then ip n (X~ 1 y) G D"(W) so that our 
D^fW) coincides with the lattice defined by Colmez in proposition II. 4. 2 of [Col07j by 
item (iv) of that proposition. We now define Colmez' functor (see §111 of |Col07] ): 



limD tt (iy) = {y= (y , y h . . .) with y, t G D\W) such that ip(y i+1 ) = y t for all i > 0}, 




which finishes the proof. 



□ 
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and we endow this space with an action of B (using the same normalization as in [Ber05j 
which differs by a twist from the normalization of |Col07j ) 



x 
x 



1 

p> 



= (u J h - 1 x 2 )- 1 (x)y f , 

y) = Vi-j = ^ '(!/<); 

/ i 

((J a) ' V \. = 7a ~ l( ^)' wnere To- 1 e T is such that Xeyd(7o-0 = a ^ e Z p ! 
^ = ^'((1 + *) p<+ ^+;), for z + j > -val(z). 



1 z 
1 

We then define f2(VT) = ( lim ^ D^(VT))* so that fi(W) is a smooth representation (see 
§2.31 for a proof of this) of B whose central character is io h ~ x x 2 . Denote by 9q the linear 
form on D^(VK) given by 

9 : a {X)f + ■■■ + a n ^(X)f n ^ h-> a (0). 

If y = (yo, y±, . . .), then we define 9 G Q(W) to be the linear form 9 : y i— > 9o(yo). 

Lemma 2.2.3. — If '(g G KZ ; toen (gjj) • = w fc_1 (o)x(ad)0. 
Proof. — We have 

(f ) = n ^-i 



o dy y vy; V V o d 

, , a- 1 0\ fl -bd- 1 

V 



aT 1 ) \0 ad- 1 
= (^-V)(aK(a-M)%) 
= u h - 1 (a) X (ad)9(y), 

since = H>\(d) because (jjj) G KZ so that x( a ) — x(d)uj s (ad^ 1 ) . □ 
For ^ k ^ n, recall that hk = i n -k + pin-k+i H h P k ~ 1 i n -i so that /i n = — 1). 

Theorem 2.2.4- — ^ e linear form 9 is killed by 

P n -i 
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Proof. - - Using the definition of the action of B on lim D"(VT), we get 



= (-l)- l A n • o (yo) - A 2 " ■fioof ^ J (1 + XYyoj , 

and this is equal to for obvious reasons if yo = aii(X)fi with i ^ so that we now 
assume that y = a (X)f . Lemma [1.1.21 implies that 
p n — i 

y h (J (i + x ) j e x^-- 1 + x pn - hn E[x\, 

and the fact that p e — hg + i n _t = p{p l ~ 1 — he-i) for 1 ^ £ ^ n together with the formulas 
of lemma and the fact that ip(X pm+r ) = (-l) r X m then imply that 

r (j2 (/,(/_ 1)) (1 + X ) ja ^ X )f^J = (-l)"~ 1 A- n a (X)/ mod XD\W), 
which proves our claim. □ 

2.3. Profinite representations and smooth representations 

In this paragraph, we prove that fi(W) is a smooth irreducible representation of B if 
dim(PY) ^ 2. In order to do so, we recall a few results concerning profinite represen- 
tations and their dual. Let G be a topological group and let X be a profinite .E-linear 
representation of G where E is as before a finite extension of F p . Let X* be the dual of 
X, that is the set of continuous linear forms on X. 

Lemma 2.3.1. - - The representation X* is a smooth representation ofG. 

Proof. — If / G X*, then the map (g, x) i— > f(gx — x) is a continuous map G x X ^ E 
and its kernel is therefore open in G x X so that there exists an open subgroup K of G 
and an open subspace Y of X such that f(ky — y) = whenever fc G X and y G Y. Since 
X is compact, Y is of finite codimension in X and we can write X = Y © (B^ =1 Exi. For 
each z there is an open subgroup Xj of G such that f(kxi — Xj) = if k G Xj and this 
implies that if if = K n nf =1 Xj then /(/isc - x) = for any x G X so that / G (X*) H 
with H an open subgroup of G. □ 



Lemma 2.3.2. - - If X is topologically irreducible, then X* is irreducible. 

Proof. — If X = lim. ^.Xj where each Xj is a finite dimensional E- vector space, then 
a linear form on X is continuous if and only if it factors through some Xj and hence 
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X* = lim X* so that (X*)* = (lim X*)* = lim X = X. If A is a G-invariant 
subspace of X* then ker(A) = r\f & \ker(f) is a G-invariant closed subspace of X which 
is therefore either equal to X or to {0}. If it is equal to X then obviously A = {0} and if 
it is equal to {0}, then the fact that (X*)* = X implies that no nonzero linear form on 
X* is zero on A so that A = X*. □ 

The representation lim D^(W) is a profinite representation of B since D'fW) ~ 
^p^jdim(uo anc j we hayg the following result (see also proposition 1.2.3 of [Ber05]). 

Proposition 2.3.3. - - The representation Q(W) = Qhn^D^(W))* is a smooth irre- 
ducible representation ofB if dim(W) ^ 2. 

Proof. — Lemma [2.3.21 shows that it is enough to prove that lim ^ D^(W) is a topologically 
irreducible representation of B, and lemma III. 3. 6 of [C ol07] asserts that any closed B- 
invariant subspace of lim D"(VK) is of the form lim M where M is a sub--E[X]-module 
of D^(W) stable under if) and T and such that if) : M — > M is surjective. Since D(VK) 
is irreducible, M is a lattice by proposition II. 3. 5 of [Col0 7] applied to E([X)) ®Epq M 
and item (iv) of proposition II. 4. 2 of [Col07j implies that such an M contains X • D"(W) 
and the formulas of lemma [2.2.11 imply that ip(Xfj) e E x ■ fj_i if i n _j ^ p — 1. Since 
h(p — 1) ^ p n — 1, at least one of the i n _j is ^ p — 1 so that M contains one fj and hence 
all of them by repeatedly applying if). □ 



3. Breuil's correspondence for mod p representations 

In this chapter, we show that the representations constructed in chapter [1] are the same 
as the ones arising from Colmez' functor applied to n-dimensional absolutely irreducible 
representations of Qq p - We also show that if n = 2, then these representations are the 
restriction to B of the supersingular representations of GL 2 (Q P ) predicted by Breuil. 

3.1. The isomorphism in dimension n 

By corollary 12.1.51 every absolutely irreducible n-dimensional .E-linear representation 
W of Qq p is isomorphic (after possibly enlarging E) to ind(a;^) ® x with 1 ^ h ^ p n — 2 
primitive and x '■ Sq p — > E x a character. Furthermore, Un = u so we can 

change h and x m order to have 1 ^ h ^ (p n — — 1) — 1 which implies that at least 
one of the n digits of h in base p is zero. The intertwining ind(u;^) ~ ind(u^ h ) implies 
that we can make a cyclic permutation of the digits of h without changing ind(u;^) and 
if we arrange for the leading digit to be 0, then 1 ^ h ^ p n ~ x — 1. 
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Theorem 3.1.1. — If W = md(a;^) (g) x w ith n ^ 2 and 1 ^ h ^ p n 1 — 1 primitive, 
then Q(W) ~ II n (/i, cr) wit/i cr = x^^ 1 ® X- 

Proof. — By lemma 12.2.31 and Frobenius reciprocity, f2(VT) is a quotient of ind^ z cr with 
a = X u h ~ l ® X, the map being given by J2p,s a (P, s )[9p,s) ^ E/3,5 ot(P,5)g 0iS ■ 6. This 
map is surjective (since it is nonzero and Q(W) is irreducible by proposition 12.3.31) and 
bearing in mind that ( p p °n) acts by A 2 ™, theorem 12.2.41 implies that its kernel con- 
tains (— A _1 ) n [(op")] + w h( P -i),n and hence S n (h,a), so that we get a nontrivial map 
H n (h, a) — > VL(W). Since n n (/i, a) is irreducible by theorem 11.3.81 this map is an isomor- 
phism. □ 

Note that we can define two 5-equivariant operators T + and T_ on ind^ z cr by 

r+M = I>(Si)] and = 

so that the "usual" Hecke operator is T = T + + T_. It is easy to see that theorem 13.1.11 
applied with ft, = 1 simply says that 

fi(mdK) ® X ) * ® (X o det). 



ht 5 + 1 . 


X 


ht 5 / 


\ l— * / 

^ < 

a; 


a; a; 


ht <5 + 1 


x + y + z 


ht 5 ( 

X 


\ l— * / 
1 ^ 





3.2. Supersingular representations restricted to E>2(Q P ) 

We now explain how to relate the representations n 2 (/i, cr) to the supersingular repre- 
sentations of [BL95), IBL941 [Bre03aJ. Recall that if r ^ 0, then Sym r E 2 is the space 
of polynomials in x and y which are homogeneous of degree r with coefficients in E, 
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endowed with the action of GL 2 (Z p ) factoring through GL 2 (F P ) given by (° b d ) P(x,y) = 
P(ax + cy, bx + dy) and that we extend the action of GL 2 (Z P ) to an action of GL 2 (Z p )Z 
by (o°) P( x iV) — P{ x iU)- We now assume that ^ r ^p — 1. 

Lemma 3.2.1. — Tae "restriction to B" map 

res B : hid^^z S y mr ^ 2 ~> ind KZ S y mr E 2 

is an isomorphism. 

Proof. — This follows from the Iwasawa decomposition GL 2 (Q P ) = B • GL 2 (Z P ). □ 

Let T be the Hecke operator defined in [BL95L IBL94] . Let [g, v] G ind^^z Sym r E 2 
be the element defined by [g,v](h) = Sjm r (hg)(v) if hg G GL 2 (Z P )Z and \g,v](h) = 
otherwise, so that h[g,v] = [hg, v] and [gk,v] = [g,Sym r (k)v] if k G GL 2 (Z P )Z. 

Lemma 3.2.2. — We have 

U ' yJJ l(^)[i,y1 + ES(Si)[i,(-jT^ tfi = r. 

Proof. — See §2.2 of |Bre03bj . □ 

The group KZ acts on x r G Sym r E 2 by c<j r <g> 1 so that we get a nontrivial injective 
map ind| z u r ® 1 — > ind^ z Sym r E 2 . 

Proposition 3.2.3. — T7ie map 

ind| z (u; r <g> 1 ) ind| z Sym r £ 2 



T(ind| z Sym r E 2 ) n ind| z (w r <8> 1) T(ind| z Sym r £ 2 ) 
zs an isomorphism. 

Proof. — The map above is injective by construction, and the representation to the 
right is generated by the B-translates of [l,y r ] since the ^ ) -translates of y r generate 
Sym r E 2 . Lemma 13.2.21 applied with i = r shows that [l,y r ] G T(ind^ z Sym r E 2 ) + 
ind^ z (u; r ® 1) so that the map is surjective. □ 

Lemma 3.2-4- ~ ~ If r ^ 1; then T(ind^ z Sym r E 2 ) H ind^ z (u; r ' ® 1) is generated by the 
B-translates of 

'T([l,x r ~y]) forO^i^r-1, 
T(E P iZi *i[(H),V r ]) (A , . . . , A p _ x ) G V^i- 

Proof. — Lemma [3.2.21 above implies that T([l,x r ~ l y l ]) G ind| z (cu r ® 1) if i < r - 1 and 
hence likewise for the B-translates of those vectors. We therefore only need to determine 
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when a vector of the form T(^2 a [b a , X a y r }) belongs to ind KZ (u/ (g> 1). If v is a vector 
v = 12/3,8 Ef=o A /3,<5,i[fi , p- 1 /3+ P - 1 i,<s, V r ] (note that A = Y^Zlp^A + then we have 

T(v) = J2 m+i ■ t (\,M(l ° p C )>y r ) + --- + *f>AP-i[(l ip ^ ] - T 1 ) , y r ]) , 

so that by lemma 13.2.21 the set of vectors v such that T(v) G ind^ z (o; r ® 1) is generated 
by the B-translates of the v\ = Yli=o o p- 1 * ) '^1 sucn ^ na ^ -^( u <0 e i^KzO^ ® !)■ 
Lemma [3.2.21 shows that this is the case if and only if YliZo -M(o l ) > 2/1 e ^^Kzi^ ® 1) 
and so if and only if Y^=o Aj(ix + 2/) r G E ■ x r which is equivalent to (A , . . . , A p _i) G V r \ 
since the vector space generated by the sequences (0 e , 1 £ , . . . , (p — 1)^) for ^ £ ^ r — 1 
is K,i (here 0° = 1). Finally, we multiply the resulting v\ by (op 1 ). □ 

Lemma 3.2.5. - - If r = 0, then T(ind^ z (l ® 1)) is generated by the B-translates of 

(;;)m + |(sOm 

and if r ^ 1, then T(ind^ z Sym r i? 2 ) fl ind^ z (co> r ® 1) generated by the 3-translates of 

j=o v 7 

/or (A , • • • , A p _i) G K,i and o/ 

i=0 i=0 \ ' j=0 ^ ' 

where (/x , • • • , £t p -i) G V^. 

Proof. — Since ind^ z (l ® 1) is generated by the B-translates of [1,1], the space 
T(ind| z (l®l)) is generated by the B-translates of T([l,l]) = [1, l]+EJlJ (oi) [Ml 
which proves the first part. 

If r > 1, then lemma EH tells us that T([l,x r ^V]) = J^Zl (oO t 1 ; (-i)^l for 
z ^ r — 1 and that 

r (i>[(S$) = |>[(S i) .ifl + X> (SO EH) r (SO M- 

\i=0 / j=0 i=0 j=0 

The condition (/i , . . . , // p _i) G implies that ^?~ £**[( o \ ) > 2/1 = YfiZq A*^" r [l, ^1 and 
we are done by lemma [3.2.41 □ 
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Theorem 3.2.6. — If 1 ^ h ^ p — 1, then we have an isomorphism of representations 
ofB 

ind^ 2 giSym h - 1 E 2 



T(ind 



GL 2 (Z P )Z 



Sym^ 1 



Proof. — First of all, we have 

Mg^z Syrr/- 1 E 2 )/T ~ (ind* z Sym^ 1 £ 2 )/T 

by lemma [3.2. 11 so we work with the latter space. We can twist both sides by the inverse 
of x ° det so that a = uj 11 ^ 1 <g> 1 by remark fl. 3. 91 Given proposition 13.2.3] all we need to 
check is that if 

T(h, a) = T(ind| z Syn^" 1 E 2 ) n ind£ z a, 

then T(h, a) contains S 2 (h, a). The space generated by the vectors (A , . . . , A p _i) G V/i_i,i 
and by (O' 1 " 1 , . . . , (p — is V/,,1 so that by lemma \3.2.5\ T(h, a) contains all of 

the elements 



p pj + i 







1 



p—1 p—1 p—1 

i=0 i=0 i=0 

with G and v G (— — l)\vh-i,i + Vh-i t i- If we take m = ( 1\) an d 

z/j = (h— then the fact that 



— z 



-J-l 



v p — hj \ h — 1 
shows that T(h,a) contains S^/i, cr). 



p(/i — 1) + p — h 



-pj - i 
h{p - 1) 



□ 



List of notations 

Here is a list of the main notations of the article, in the order in which they appear. 
Introduction: Qq p ; B; E; K; Z; primitive h; Xq p ; T±; T; 

§D3 K»; ^fc,™; Vm; A; 

§1.21 g^; a; ind KZ a; [#]; 5); support; level; n-block; initial n-block; Lj r fc ; 

30 w/,n; A; S n (h,a); U n (h,a); i k ; h k ; B+; 

§2U E+; E; e; X; H Qp] T; D(W); w n ; w; fix] md(^); 

El V; 9; 

mm T ± ; T; 

gO Sym r (£ 2 ). 
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